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Data from van 't Veer et al. (2002):
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78 breast cancer patients;
44 remained disease-free for more than 5 years;
34 developed metastases within 5 years;

Gene expression levels of 24,479 oligonucleotides were
measured on each individual;

Goal: identify important genes that are associated with the
metastases risk.
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Motivational example

Data from van 't Veer et al. (2002):

>

>

>

78 breast cancer patients;
44 remained disease-free for more than 5 years;
34 developed metastases within 5 years;

Gene expression levels of 24,479 oligonucleotides were
measured on each individual;

Goal: identify important genes that are associated with the
metastases risk.

Our concern: different genes are identified using different data
sets due to sampling variation.
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Motivational example

Simulation experiment:

» Randomly split the data into two halves. Each consists of 22
patients with good prognosis and 17 with poor prognosis;
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Motivational example

Simulation experiment:
» Randomly split the data into two halves. Each consists of 22
patients with good prognosis and 17 with poor prognosis;
> Called sample 1 and sample 2;

» For each sample and each gene, compute the correlation
coefficient between the expression levels and the prognosis
outcome;
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Motivational example

Simulation experiment:
» Randomly split the data into two halves. Each consists of 22
patients with good prognosis and 17 with poor prognosis;
> Called sample 1 and sample 2;

> For each sample and each gene, compute the correlation
coefficient between the expression levels and the prognosis
outcome;

» Important genes are those with high absolute correlation
values.
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Motivational example

« 10p 5000 correlated genes using all experiments

. modiied Kendall rank-order test
® ® atk=s000 testsiat: 386
. . p-value: 5.78e-05
. . Kendallrank-order corr coef:
oo value: 0.00522
ol . p-value: 0.112
© Spearman rank-order corr coet:

0.6

. value: 0.00786.

> The original Kendall
association correlation
coefficient: 0.00522
(p-value=0.112);

P Say, top 5000 genes are
regarded as important;

P Take the top 5000 genes
using ALL 78 patients,
only 17% are regarded as
important in both sample
1 and sample 2 (the black
dots);

abs. corr. w. cancer group labels, sample 2

P Sample 1 and sample 2
have 1,131 top genes in
common;

P The modified test obtains
a p-value = 0.0000578

abs. corr. w. cancer group labels, sample 1

Fig. 1. An example of two microarray experiment samples showing weak association.
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Association between two rankings on the same objects

» X;,i=1,....,nand Y;, i=1,...,n be two sets of
independent rankings of n objects.

DA
6/28



Modified Kendall Association Test

|—Assm:iation between two studies on the same objects

Association between two rankings on the same objects
» Xi,i=1,...,nand Y;, i =1,...,n be two sets of
independent rankings of n objects.

» (Throughout, we discuss rankings in decreasing order.)

DA
6/28



Modified Kendall Association Test

LAssociation between two studies on the same objects

Association between two rankings on the same objects
» Xi,i=1,...,nand Y;, i =1,...,n be two sets of
independent rankings of n objects.
» (Throughout, we discuss rankings in decreasing order.)
» Denote «; as the importance of object i.

6/28



Modified Kendall Association Test

LAssociation between two studies on the same objects

Association between two rankings on the same objects
» Xi,i=1,...,nand Y;, i =1,...,n be two sets of
independent rankings of n objects.
» (Throughout, we discuss rankings in decreasing order.)
» Denote «; as the importance of object i.

» X;'s and Y;'s are random representations of the true ranking,
Rank («;).
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Association between two rankings on the same objects

>

Xi,i=1,...,nand Y;,i=1,...,n be two sets of
independent rankings of n objects.

(Throughout, we discuss rankings in decreasing order.)
Denote «; as the importance of object i.

Xi's and Yj's are random representations of the true ranking,
Rank (o).

We assume that

Xi = Rank(a,——i—e,-),
Y; = Rank(a; + 6;),

iid iid
where ¢; ~ F and §; ~ G.
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LAssociation between two studies on the same objects

Association between two rankings on the same objects

>

v

Xi,i=1,...,nand Y;,i=1,...,n be two sets of
independent rankings of n objects.

(Throughout, we discuss rankings in decreasing order.)
Denote «; as the importance of object i.

Xi's and Yj's are random representations of the true ranking,
Rank (o).

We assume that

X; = Rank(a; +¢;),
Yi = Rank(aj+ 6;),

jid iid
where ¢; ~ F and §; ~ G.
a's, F and G are introduced for the convenience of discussion.
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Association between two rankings on the same objects

» Without loss of generality, assume that the objects are
arranged in the order of their importance, that is

a1 2 Q> 2> Qp
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LAssociation between two studies on the same objects

Association between two rankings on the same objects

» Without loss of generality, assume that the objects are
arranged in the order of their importance, that is

Q1202 2 Q.

» If ag =ap =+ = a,, X is reduced to Rank(e), would be
independent of ranking Y'=Rank(¢).

> If ag > an > - > ap, X and Y will be positively correlated
and the degree of correlation depends on the random variation
of e's and §'s.

» The correlation between rankings X and Y can be used to
measure the variation among the objects’ importance (signal),
relative to the amount of noises.
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formulated as

The Kendall rank-order correlation coefficient (Kendall, 1955) is
T —

# agreements — # disagreements

total number of pairs
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X, if
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LAssociation tests

Kendall rank-order correlation coefficient

The Kendall rank-order correlation coefficient (Kendall, 1955) is
formulated as

T # agreements — # disagreements

total number of pairs

» Consider all possible pairs of (Xj, X;) in which X is lower than
X, if
» if Y; is lower than Y}, it is then an agreement;
» if Y; is higher than Y], it is then an disagreement.

# agreements = Zzl(x,-<xj)1(yi<vj),
i=1 i#j

n
# disagreements = ZZI(XA‘<XJ)1(YI'>YJ)'
i=1 i#
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Kendall rank-order correlation coefficient

» If there are no ties,

# agreements + # disagreements = n(n — 1)/2
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Kendall rank-order correlation coefficient

» If there are no ties,

# agreements + # disagreements = n(n — 1) /2.

» Under the null hypothesis,

E(# agreements) = E(# disagreements) =
1 4 1
var(#£agreements) = E(En + go)n(n —1).
2(2n+5
E(T)=0and var(T) = 957(: — 1;.

1
Zn(n —1),

2a¢
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When the number of the objects is large

» In most current studies, the number of objects is large, while
the number of objects with higher importance is small.
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When the number of the objects is large

» In most current studies, the number of objects is large, while
the number of objects with higher importance is small.
» Hp: a1 == =a, =«
» versus a local alternative
H,: 31 < ky < n, s.t,,
1 202 2y > Oyl = Qg2 = *++ = Qp_1 = Q.
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LAssociation tests

When the number of the objects is large

» In most current studies, the number of objects is large, while
the number of objects with higher importance is small.

» Hp: a1 == =a, =«
> versus a local alternative
H,: 31 < ky < n, s.t,,
Q1 2 2 o 2 Oy > Q] = Qg2 =+ = Qg1 = Qipy.
» The strength of association measured by the original statistic
is weakened by the large number of objects with
undifferentiated importance.
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Modified Kendall association test

» Consider the truncated rankings X = min(Xj, k).
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Modified Kendall association test

» Consider the truncated rankings X

min(Xj, k).
» The number of agreements can then be computed and tested
on the truncated X and Y

2a¢
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Modified Kendall association test

» Consider the truncated rankings X = min(X;, k).

» The number of agreements can then be computed and tested
on the truncated X and Y

> Using the truncated rankings, the noises from the objects with
no signals are reduced.

# agreements = ZZI(X,-‘OS‘)I(W@T)
i1 iz

and under the null hypothesis

1 (k) 2
E(# agreements) = Zn(n -1) <1 -2 )
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Modified Kendall association test

n
var (E z I(Xic<xf)1(yf<yjc)>
=1 i

n(nfl){%n(nfl) <17 (n—k+1n— k)

2
n(n —1) )
k—1 k—1\ (n—k+1
+(n—2)(n—3)<1((:))+ (3>( ! )+
4

()
Ho-2g (8 +()())

NI

)

©

n—k+1\ \ 2
+(n—2)% (1_( i+)>

()
(n—k+1)(n—k)
—E(n2 — n) (1 —

4
n(n — 1) )}

2a¢
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Modified Kendall association test

» The modified Kendall rank-order test statistic is defined as
TC =

# agreements — E(# agreements)
\/Var (# agreements)
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Modified Kendall association test

Sampling distributions of test statistics using full rankings

Density

Density

0.4

0.2

0.0

0.4

0.2

0.0

null alternative

Sampling distributions of test statistcs using truncated rankings

null

-2 0 2

standardized test statistic

alternative

standardized test statistic

15

20
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Simulation setup

» n objects, among which the top ky objects are important and
with linearly increasing importance.

Simulation model diagram

levels of true merit

Fig. 3. Alternative model used for simulations
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L Simulation and evaluation

Simulation setup

> n objects, among which the top kg objects are important and
with linearly increasing importance.

» Signal: ¢ is the highest importance value.

» Noises with standard deviation ¢ is added to the observed
importance.

Simulation model diagram

levels of true merit

Fig. 3. Alternative model used for simulations
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L Simulation and evaluation

Performance of the modified test under different
signal-to-noise ratios

0=3,0=1 56=9,0=1
o o
- 7 — 7
© _| o _|
o o
© _| © _|
o o
9] 5}
z < | R A
g © g ©
N SV
o o
L
o G TRANIEIEIL TR o |- AR
S iz gV Eak
—=— n=500, ky=30 —=— n=500, ko =30
-8 n=500, k=40 —& =500, ky=40
T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500
3 4

16/28



Modified Kendall Association Test

L Simulation and evaluation

Computational notes

» The computational complexity of a single rank-order
association test statistic is of O(n?), comparing with the
computation of the correlation coefficient at O(n). However,
T¢(k 4+ 1) can be updated from T€(k).
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Computational notes

» The computational complexity of a single rank-order
association test statistic is of O(n?), comparing with the
computation of the correlation coefficient at O(n). However,
T¢(k 4 1) can be updated from T€(k).

» From 1(min(x,-,k+1)<min(xj,k+1))1((min(Y,-,k+1)<min(Yj,k+1)) to
L (min(x;,k)<min(X;,k)) L((min(Y;,k)<min(Y;,k))» ©nly @ small number
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Computational notes

» The computational complexity of a single rank-order
association test statistic is of O(n?), comparing with the
computation of the correlation coefficient at O(n). However,
T¢(k 4 1) can be updated from T€(k).

From 1(min(X,-,k+1)<min(Xj,k+1))1((min(Y,-,k+1)<min(Y_,-,k+1)) to

1 (min(x;. k) <min(X;,k)) L((min(¥;,k)<min(Y;,k)), only @ small number
of elements change values.

» Using such a sequential update, all T¢(k), k=1,...,ncan
be computed in an operation of O(n?) complexity.
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Sequences of T¢(k)
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Sequences of T¢(k)
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10
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Back to the breast cancer example

100 simulation experiments using randomly partitioned samples.

10
]

Z statistic
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|—Appliu:ations

Pattern due to weak signals?

Simulation with small number of important objects and low
signal-to-noise ratio.

(a) under the null hypothesis

k

(b)8=1,0=1ko=30

o
5
3
E
3
&
g
=
B
E
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Application to an eQTL example

» Affymetrix Human Focus Arrays, with 8500 transcripts were
measured on 194 individuals in 14 CEPH families (Morley et
al., 2004).
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» Genotypes of these CEPH individuals on 2882 SNPs across
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Application to an eQTL example

> Affymetrix Human Focus Arrays, with 8500 transcripts were
measured on 194 individuals in 14 CEPH families (Morley et
al., 2004).

» Genotypes of these CEPH individuals on 2882 SNPs across
the genome were obtained from The SNP Consortium
(http://snp.cshl.org/linkage_maps/).

» We examined 18 transcripts that are related to several
candidate genes of breast cancer.
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Application to an eQTL example
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Application to a

Compare linkage signals for two gene expression traits (NBR1 and
RAD51AP). (Overlapped linkage signals indicate evidence for

co-regulation of

n eQTL example

these two transcripts.)

°
a
g |
8

SNP ranking based on linkage at RADS1AP

T —
o 1 2 3 4

SNP ranking based on linkage at NBR1
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Application to an eQTL example

From OMIM (Online Mendelian Inheritance in Man):

“Dong et al. (2003) isolated a holoenzyme complex containing
BRCA1 (113705), BRCA2, BARD1 (610593), and RAD51, which
they called the BRCA1- and BRCA2-containing complex (BRCC).
...... concluded that the BRCC is a ubiquitin E3 ligase that
enhances cellular survival following DNA damage.”
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LDiscussion and conclusion

An alternative method: examine the extent of overlap

Modified rank-order Top Rank Overlaps
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Conclusion and future work

» This modified association test removes noises from

uninformative rank values and thus is more powerful in
detecting the true signal.

Do
27/28



Modified Kendall Association Test

LDiscussion and conclusion

Conclusion and future work

» This modified association test removes noises from
uninformative rank values and thus is more powerful in
detecting the true signal.

» Due to the use of ranks, this test can be used to compare
information extracted differently (such as linkage and
association in gene mapping efforts) or on different scales
(differently normalized gene expression experiments).

u]

o)
I

i
it

27/28



Modified Kendall Association Test

LDiscussion and conclusion

Conclusion and future work
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detecting the true signal.

» Due to the use of ranks, this test can be used to compare
information extracted differently (such as linkage and
association in gene mapping efforts) or on different scales
(differently normalized gene expression experiments).

» If used on random partitions of a data set, the sequence of the
test statistic contains information on the number of truly
important objects.
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LDiscussion and conclusion

Conclusion and future work

» This modified association test removes noises from
uninformative rank values and thus is more powerful in
detecting the true signal.

> Due to the use of ranks, this test can be used to compare
information extracted differently (such as linkage and
association in gene mapping efforts) or on different scales
(differently normalized gene expression experiments).

» If used on random partitions of a data set, the sequence of the
test statistic contains information on the number of truly
important objects.

» Future work on this project including more theoretical and
computation evaluation of this test statistic, especially on the
T<(k) sequences and its application to the selection of
important objects and incorporation of multiple evaluations.
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Thank you!
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